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Four dimensional hyperkahler geometry has been studied extensively in connection with
several issues: gravitational instantons, supersymmetric non-linear  models and com-
pactications of superstrings [1, 2, 3]. A hyperkahler manifold is a Riemannian manifold
equipped with three covariantly constant complex structures J
a











. In four dimension, a Riemannian manifold is hy-
perkahler if and only if its Ricci curvature is zero and its Weyl curvature is either self-dual
or anti self-dual, namely, the metric is the solution of (anti) self-dual Einstein equation.
It is known that all asymptotically locally Euclidean (ALE) hyperkahler manifolds are
classied by Dynkin diagrams of ADE types. These spaces are constructed as hyperkahler
quotients of at Euclidean spaces [4].
On the other hand, in the Hamiltonian approach for general relativity, Ashtekar and
Mason-Newman reduced the problem of nding hyperkahler metrics to that of nding
linearly independent four vector elds V

( = 0; 1; 2; 3) and a volume form ! on a four
dimensional manifold X that satisfy the following two conditions [5, 6, 7]:







































































Conversely the pair (V

; !) can be locally constructed from any hyperkahler structure
(g; J
a
) as follows [6, 8]: for a harmonic function  and the volume form !
g
with respect












); (a = 1; 2; 3); (1.5b)
































(a = 1; 2; 3) are volume preserving vector elds on a 3-ball. This form was given
by Ashtekar, Jacobson and Smolin [5, 7].
In this paper we present a explicit construction of hyperkahler metrics based on (1.1)
and (1.2). We also give a new construction of anti self-dual Yang-Mills connections on
hyperkahler manifolds generalizing the multi-instanton Ansatz of 't Hooft, Jackiw-Nohl-
Rebbi [9] and further Popov [10, 11, 12].
2 Reductions of the Ashtekar-Mason-Newman equa-
tions
We start with the construction of four vector elds V

corresponding to Gibbons-Hawking

















for the underlying space-time R
4
. Let  and  
i
(i = 1; 2; 3) be smooth

























and the half-at condition implies


















)g. These conditions are identical to the Ansatz used by Gibbons-
Hawking to construct hyperkahler metrics with a triholomorphic U(1) symmetry [14].































































































We now describe an approach which allows us to obtain the vector elds V

satisfying
the conditions (1.1) and (1.2) from (anti) self-dual Yang-Mills connections of innite
3
dimensional gauge groups. Let 
(n)
(n = 1; 2; 3; 4) be a n dimensional manifold equipped
with a volume form !
(n)
. Then we assume that the gauge Lie algebra is the Lie algebra
sdiff(
(n)
) of all volume preserving vector elds on 
(n)

























-invariant with respect to the coordinates (x
0























] = 0: (2.5)
(3) A

(0    n  1) are linearly independent at each point on 
(n)
.













(0    n  1);
D

(n    3):
(2.6)




^    ^ dx
3
and





We note the previous Gibbons-Hawking vector elds can be obtained by applying the
above construction to the case 
(1)




, we simply recover
the equations (1.1), (1.2) and (1.6).)
We now concentrate our attention on the explicit construction of hyperkahler metrics
in the case of X = R
2
, where (; !

) is a two dimensional symplectic manifold. Let




are the Hamiltonian vector elds X
f





)g associated with some functions f





































Thus our problem consists in nding the four functions f

satisfying the anti self-dual
condition (2.5). We will not attempt to answer this question in any generality, but
consider three examples below.
(i) Let f
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where f ; g denotes the Poisson bracket on  induced by the symplectic structure !

.
These equations ( but with Poisson brackets replaced by commutators of matrices of
some nite dimensional Lie algebra ) arose in Nahm's construction of monopole solutions
in Yang-Mills theory [15, 16].
The group SL(2;R) acts on  = R
2
;H (the complex upper half-plane) and SU(2)
acts on  = S
2
preserving the standard volume form for each case . So we can construct
hyperkahler metrics on R I (I is an open interval) from the solutions of the Nahm
equation valued in sl(2;R) or su(2). For example, we can express such solutions by Jacobi











































































































Some explicit solutions of the Nahm equations valued in nite dimensional Lie algebras
were constructed in [17, 18, 19].
(ii) We consider the hyperkahler metric with one rotational Killing symmetry preserving







) and introduce a y
0



















































Then the functions f

satisfy the anti self-dual condition (2.5), if  is a solution of three






























known as the real heaven solution in the Plebanski formalism [21].
(iii) Using the solutions of both Nahm and Laplace equations, Popov presented a con-
struction of self-dual Yang-Mills connections on R
4
[10]. We may apply the same method
to our case, i.e. R
2
-invariant Yang-Mills connections of the gauge Lie algebra sdiff().
Let T
a




) be solutions of the Nahm equation associated with

























u = 0: (2.13b)
Then we obtain the solutions f

















Remark 2.2. We note that the Ansatz for the vector elds (2.7) is similar to that
in [22, 23, 24], which should be regarded as the Ansatz for the vector elds on a com-
plex four dimensional manifold, so that it is not so obvious whether the corresponding
metrics satisfy the reality condition. However, our construction manifestly satises such
a condition.
3 Yang-Mills instantons on hyperkahler manifolds
Now we present a construction of anti self-dual Yang-Mills connections of arbitrary gauge
Lie algebra g on a hyperkahler manifold X. As mentioned above, Popov have obtained
a formula for self-dual Yang-Mills connections on R
4
. We generalize their construction to
the case of four dimensional hyperkahler manifolds by using Ashtekar variables.
Suppose X is a hyperkahler manifold expressed by linearly independent four vector
elds V

and a volume form ! as mentioned in (1.1) and (1.2).











satises the anti self-dual condition if and only if the set of g-valued functions T
a
(a =






















)u = 0: (3.3)
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It follows from (1.2) and our assumptions (3.2) and (3.3) that the above quantity
vanishes.
Remark 3.2. The equation (3.3) is identical to the Laplace equation associated with the
hyperkahler metric. So we can choose the harmonic functions as u in (3.3). For example,
if the solutions of (1.2) are the Hamiltonian vector elds for functions f

on a symplectic
four dimensional manifold, then f

are harmonic.
Remark 3.3. In the above proof we don't use the volume preserving condition for the
vector elds V

. Hence it is not necessary that X is a four dimensional hyperkahler man-
ifold. The restriction for a n dimensional manifold X we require is simply the existence
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